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Abstract— String stretched tightly along a sequence of
fixed grasp points takes the shape of a polygonal arc. In
this work, we investigate how many points are necessary
and sufficient to grasp and tie arbitrary knots while main-
taining tension, so that the string remains polygonal. This
approach allows reasoning that is entirely geometric, which
does not rely on potentially inaccurate dynamic models of
the string or detailed knowledge of physical characteristics
of the string. Algorithms are proposed to determine the
contact locations, and generate the motions needed to tie
arbitrary knots. This work shows that a number of grasp
points that is linear in the number of crossings in a knot
diagram is sufficient to immobilize string in a polygonal
shape with the topology of an arbitrary knot, or to fold or
unfold the knot from a straight configuration.

I. INTRODUCTION

In the game of cat’s cradle, string is stretched tightly
between fingers; as the fingers move, the configuration
of the string changes. In this work, we study how many
grasp points (analogous to fingers) are necessary and
sufficient to tie a given knot, while maintaining complete
control over the configuration of the string. We assume
that all contacts are bilateral and have infinite friction.

The theoretical complexity of the knot tying process
has begun to be studied from the perspective of topologi-
cal structure (e.g., sequences of Reidemeister moves [8]),
but the details of the manipulation itself are left to the
imagination.

How should knots be grasped? Work on robotic
knot tying [9], [17], [18] has shown that knots can be
practically tied with only a few fingers by making use
of dynamic or quasistatic models of string and extensive
sensing; however, speed, reliability, and the complexity
of knots that can be tied are limited by modeling
and sensing error. By forcing the string to take on a
polygonal shape, we are able to study complexity, while
also providing specific finger placements and motions to
achieve grasping and tying.

Tying a knot requires that the string be arranged
into the correct shape and also tightened [22], [23].
In this paper, we focus on arrangement; because we
ensure that the string remains polygonal, we refer to
the arrangement process as folding.

The work described in this paper is theoretical rather
than experimental. We show the necessary and suffi-

cient number of contacts to either hold or to fold a
knot without string self-intersection. For an arbitrary
polygonal knot with k crossings, it will turn out that
at least

⌈
3+
√

8k+1
2

⌉
+ 1 and no more than 3k− 1 grasp

points are needed to grasp string in a polygonal knot
configuration. Further, an arbitrary knot with Gauss
code G where |G| = 2k can always be folded from a
polygonal arc of no more than 9k−6 links, starting from
a straight configuration. We give algorithms to determine
the contact locations along the string, and to generate
folding motions.

As a motivating example, Figure 1 shows several
immobilized polygonal knots. The double coin knot, for
example, is immobilized by 16 contacts placed by our
approach.

In this paper, after a short introduction of necessary
knot definitions, we will consider grasps for arbitrary
knots. Then, we will show how to fold string into
polygonal knotted configurations.

A. Related work

This paper makes use of the language of knot the-
ory [1], [3], [7], [11], [12]. Within knot theory, the study
of polygonal knots does not investigate the number of
line segments needed to represent the knot, the focus
of this work. The problems studied in this paper are
also very related to a three-dimensional version of the
Carpenter’s Rule Problem [6], except that we allow joint
locations (finger placements) to be specified. Physical
knot theory [10] has studied the problem of tying knots
modeled by thick string with friction rather than by
curves.

In robotics, knot tying frequently uses active controls
and sensors. Inoue and Inaba used a 6+1 DOF robot
arm equipped with stereo machine vision to tie knots [9]
around a ring. A graph based language was developed
by Hopcroft et al.to program knot tying motions, and
tested through knot tying with a robot arm [8].

Real and simulated knots were tied using motion plan-
ning algorithms developed by Saha, Isto and Latombe
with a string model [17], [19], [18]. Sequences of
motions were planned and carried out by a pair of
robot arms. The approach introduced a hierarchical
decomposition of the knot using loops as basic structure.



(a) A double coin knot.
(b) A double coin knot repre-
sented by polygonal arc.

(c) An overhand knot repre-
sented by polygonal arc. (d) A figure eight knot repre-

sented by polygonal arc.

Fig. 1: Polygonal grasps of various knots.

Wakamatsu, Arai and Hirai’s tree search planner finds
sequences of motions (selected from four primitives) to
tie or untie a knot [20].

Recently, we started to studying how to tie knots
with the assistance of fixtures [4], [5], [22], [23]. The
approach resulted in a generalized knot tying approach,
that can tie many different knots effectively using min-
imum control and no feedback information.

The approach we take in this work immobilizes each
segment of string at different configurations to reduce
uncertainty, just as rigid bodies are immobilized during
grasping [13], [14], [15], [16].

II. POLYGONAL KNOTS

In mathematical knot theory, a knot is a smooth
embedding of topological circle into R3 [1], [3], [7],
[11], [12]. These knots have no open ends, such that
they cannot be tied or untied. Here, we define tie a knot
as the process of transforming the string from unknotted
configuration to a knotted configuration. Because we
are concerned with reconfiguring knots, and not just
identifying classes of knots, we cut mathematical knots
so that they have ends and can be untied.

To describe or illustrate a knot, we usually project a
knot onto a plane. When the projection is regular (no
three points on the knot project to the same point, and
no vertex projects to the same point as any other point
on the knot [11]), the projected diagram is called a knot
diagram. On the projection, broken lines are used to
indicate where one part of the knot under-crosses the
other part of the knot that is directly “above” the broken
lines, such locations are called crossings. Each crossing
is labeled by a unique number, indicating the order of the
appearance when tracing along the digram. Therefore,
each knot diagram may have multiple different ways
to label the same set of crossings. Figure 2a shows
a shoelace knot diagram. The projected knot diagram
separates the plane into several disconnected closed
cells, labeled by capital letters in the figure.
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(a) A knot diagram of a shoelace knot, with numbered
crossings and cells labeled with letters.
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(b) A polygonal (grasp-able) shoelace knot diagram.

Fig. 2: Shoelace knot diagrams.

We can also use the labels of the crossings to describe
the knot. One such description is the Gauss code:
a sequence of labels for crossings indicating a walk
along the diagram from a given starting point. We use
numbers to label crossings, and a superscript “+” or
“-” to indicate an over-crossing or an under-crossing.
For example, an overhand knot with Gauss code G =
{1+,2−,3+,1−,2+,3−} has 3 crossings, so the length
of G is 6 (|G|= 6).

Definition 1: [3] A polygonal knot is a knot whose
image in R3 is the union of a finite set of line segments.

In this work, we focus on knots that are tame, who
has finite many crossings. A regular projection of a
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polygonal knot is a set of planar line segments. We call
the corresponding knot diagram polygonal knot diagram
(Figure 2b). If a polygonal knot diagram contains n
links, in addition to the Gauss code, the knot can be
fully represented by the relative positions between the
end points of these n links.

A polygonal knot diagram with k crossings is a 4-
planar graph G = (V,E) with straight line edges, and
|V | ≥ k. On the regular projection, we trim the first and
the last link of the polygonal arc, so that the first and
last crossings become the endpoints. k−2 of the vertices
(the crossings) have degree four, and two vertices have
degree three; the remainder have degree 2.

III. PROPERTIES OF POLYGONAL KNOT DIAGRAMS

Call the cell that extends to infinity the exterior cell,
and all other cells interior cells. A sequence of one or
more line segments connecting two adjacent labels on
the Gauss code is a c-path (crossing path).

We call a c-path that contacts both the exterior face
and at least one interior face an exterior c-path (c-
paths (1,2) through a, (2,3) through b, (3,7), (7,6)
through e, (6,5) through d, (5,4) through c and (4,1)
on Figure 2b). Let an exterior crossing be a crossing
that is the common endpoint of two adjacent exterior
c-paths; all the other crossings are interior crossings. If
a connection between two crossings is not an exterior
c-path, it is called an interior c-path.

Each crossing appears twice on a Gauss code for
arbitrary knot. Let us define a knot unit as a con-
nected subsection of Gauss code where all the labels
in the subsection has appeared twice. For example,
let us consider a three overhand knots in a row, with
Gauss code G = {1+,2−,3+,1−,2+,3−,4+,5−,6+,4−,
5+,6−,7+,8−,9+,7−,8+,9−}. This structure contains
three knot units, G1 = {1+,2−,3+,1−,2+,3−}, G2 =
{4+,5−,6+,4−,5+,6−} and G3 = {7+,8−,9+,7−,8+,
9−}. We call a c-path a bridge if it connects two knot
units.

Some proofs are omitted or replaced by sketches
below due to length constraints, but can be found in
the associated technical report [21] available from the
authors’ website.

Lemma 1: All the exterior c-paths of a knot unit form
a Jordan curve.

Sketch of proof: Since a knot unit do not contain a
bridge, then an edge is either adjacent to two interior
cells, or one interior and the exterior cell. All the edges
that are adjacent to one interior and the exterior cell
encloses all other edges.

Lemma 2: A planar polygonal knot diagram with k
crossings has k interior faces.

Proof: Let there be m+ k vertices in the planar
polygonal drawing of the knot, such that there are k
crossings, with degree 4 or 3, and m other vertices with
degree 2. By counting edges, we find that there are m+
2k−1 edges. Let the number of faces be | f |. By Euler’s
theorem, |v|+ | f | = |e|+ 2, and | f | = m+ 2k− 1+ 2−
(m+ k) = k+1 faces, k of which are interior.

Lemma 3: For an arbitrary knot with Gauss code G
where |G|= 2k, let there be nic−p interior c-paths, nec−p
exterior c-paths, nic interior crossings and nec exterior
crossing. Then, the following equations and inequalities
hold:

nic = nic−p− (k−1) (1)
nec = nec−p (2)

nic +nec = k (3)
nic−p +nec−p = 2k−1 (4)

nec−p ≥ 3 (5)
k−1 ≤ nic−p ≤ 2k−4 (6)

Sketch of proof: The total number of crossings and
c-paths are fixed. Each exterior crossing is connected to
two exterior c-paths. Using this relation, all the equations
can be derived.

IV. GRASPING KNOTS

Given a Gauss code G, we would like to generate
an efficient polygonal knot diagram, corresponding to a
grasp of the knot. The number of grasp points (fingers)
needed is related to the number of crossings, which can
be found from the Gauss code:

Lemma 4: For an arbitrary knot with k crossings, at
least

⌈
3+
√

8k+1
2

⌉
sequential line segments are needed to

plot the corresponding polygonal knot diagram.
Proof: [2] indicates that n independent line seg-

ments (not sequential line segments) can create at most
n(n− 1)/2 intersections. However, for a sequence of
n line segments (polygonal arc), there is one common
endpoints between each pair of adjacent line segments,
which results in n−1 common endpoints. Therefore, the
maximum number of intersections for a sequence of n
line segments is n(n−1)/2−n−1 or (n−1)(n−2)/2.

Given n sequential line segments, at most (n−1)(n−
2)/2 intersections (crossings) can be created. In order
to make it a knot diagram, we need to have (n−1)(n−
2)/2≥ k. Therefore n≥

⌈
3+
√

8k+1
2

⌉
.
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Lemma 4 implies a necessary number of grasp points
(fingers) needed to polygonalize a knot. What is a
sufficient number? We introduce an algorithm to place
all the crossings and extra vertices, starting from exterior
crossings and move inwards. We will show that by
connecting all the placed crossings (and extra vertices)
using line segments, no intersection (except at common
end points) is introduced.

We represent a crossing using a lower case letter.
If there is a superscript + or −, it specifies an over-
or under-crossing. A negative sign before a crossing
notation negates the superscript. For example, an over-
crossing can be represented as i+, or −i−.

We start by showing how the edges are connected to
an exterior crossing.

Lemma 5: Given a crossing with label e that is not
the first or the last crossing, if one c-path containing ea

is an exterior c-path, then there must be another exterior
c-path containing −ea.

Sketch of proof: A crossing e is result of the intersec-
tion of two curves. Among the four half-planes separated
by the two curve, only one of them is the exterior cell,
which must contact both curves.

Without loss of generality, let the first crossing be 1a

and last crossing be lb.
Lemma 6: The two c-paths with −1a as endpoints

and two c-paths with −lb as endpoints are exterior c-
paths.

Sketch of proof: This is the special case of Lemma 5
with the first and last crossing. The trimming of the
link before first crossing (or after the last crossing) is to
ensure there is no link contacting only the exterior cell.
Then, it leaves the curve passing through −1a (or −lb)
as the boundary.

Now that we have ways to identify exterior c-paths
and know two exterior crossings, we can identify all
the exterior crossings using the following procedure.
Procedure 1 shows the process of finding the exterior
crossings.

For example, let us consider a double coin knot, with
Gauss code G = {1+,2−,3+,4−,5+,6−,2+,7−,4+,8−,
6+,1−,7+,3−,8+,5−}.

We find that 1− and 5+ are related to the exterior c-
paths, add (4−,5+), (5+,6−), (6+,1−) and (1−,7+) to
the exterior c-path list, and put 4−, 6+, 6− and 7− in
the queue. Since 6 has appeared twice, delete it from
the queue. Now start with crossing 4. Note that 4+ has
previous crossing 7− and next crossing 8− in the Gauss
code. We find that 7 is already in the queue, add c-path
(7−,4+) to the exterior c-path list, delete 7 from the

Procedure 1: Find exterior crossings and c-paths

1) Add two c-paths with −1a as endpoints (denote as
(pe, −1a) and (−1a, q f )) into the exterior c-path
list;

2) Add two c-paths with −lb as endpoints (denote as
(sc, −lb) and (−lb, td)) into the exterior c-path
list;

3) Add crossings sc, td , pe and q f into a queue Q,
and add 1, l, p, q, s and t to exterior crossings
list;

4) Check if any label appears twice in the exterior c-
path list with both superscripts; if yes, delete the
both labels from Q;

5) Pop a crossing xg from the queue, find previous
crossing uh and next crossing vr of −xg on Gauss
code, check if u and v are in Q (possibly with
different superscripts);

6) If u (or v) is in Q, add (uh,−xg) (or (vr,−xg)) to
exterior c-path list, add u (or v) to exterior crossing
list (note, at most one of u and v can be in the
queue);

7) If both u and v are not in Q, add both of them in
Q, add both c-paths into exterior c-path list, and
add both of them to exterior crossing list;

8) Check if a subset of exterior c-paths in the list
form a cycle; if a cycle is formed, then delete all
c-paths not used in the cycle, delete all crossings
not used in cycle from Q and exterior crossing list;

9) If Q is not empty, go to step 5;

queue, and notice the queue is empty; terminate.
So far, we have c-paths (4−,5+), (5+,6−), (6+,1−),

(1−,7+) and (7−,4+) in the exterior c-path list for the
double-coin knot, and exterior crossings include 1, 4, 5,
6 and 7; the labels form a cycle.

Procedure 2: Place all exterior crossings

1) Place crossing 1 at (−1,0) and denote the origin
o = (0,0);

2) In the exterior c-paths list, we find an c-path (1a,
b) that has crossing 1 as an endpoint, and delete
it from the list.

3) Place crossing b at (cos(π− t),sin(π− t)) where
t = 2π/ j;

4) Label the crossing just placed as p, find an exterior
c-path (p,q) in the list that has p as an end point,
and delete it from the exterior c-path list; if op has
angle α , then place q at (cos(α− t),sin(α− t));

5) If exterior c-path list has more than 1 c-path, go
to step 4;

Lemma 7: If all exterior crossings are placed using
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Fig. 3: Place all exterior crossings for double coin knot.

Procedure 2, then line segments connecting exterior
crossings that are adjacent on the Gauss code do not
intersect except at common endpoints.

Proof: All exterior c-paths form a regular con-
vex polygon P. Because no chord of P will intersect
the boundary except at endpoints, no exterior c-path
will intersect with non-exterior c-paths between exterior
crossings.

Now we will show that chords formed by connecting
exterior crossings that are adjacent in the Gauss code
do not intersect except at common endpoints. Consider
four exterior crossings a,b,c,d, such that a and c are
adjacent in the Gauss code, and b and d are adjacent in
the Gauss code. Line segment ac cuts P into two pieces.
If b and d belong to different pieces of P w.r.t. ac, then
the only way to avoid intersection between ac and bd
using any arbitrary curve is if b and d are connected
outside P. But c-path (b, d) is not an exterior c-path;
therefore to be consistent with the Gauss code, b and d
must be in the same piece.

So far, we have placed all the exterior crossings and
connected them if they are adjacent on the Gauss code.
So far, no undesired intersection have been introduced.
An example of placing all exterior crossings and con-
necting them is shown in Figure 3. Now we will work
inwards, starting by placing all the crossings that are
directly connected to the exterior crossings.

Figure 4 demonstrates step three. Since v connects to
a, b and c (or even d), the wedge with oa and ob as
boundary contains all the crossings v connects to. Place
v on the smaller circle with radius 1/2.

Lemma 8: If v ∈V is placed using Procedure 3, and
all v∈V are connected to to their corresponding exterior
crossings using line segments, there exists an ε ≥ 0
perturbation of each v along ov away from o such that
these c-paths do not intersect with each other or with
previously connected c-paths.

Procedure 3: Place interior crossings

1) Find all crossings V that directly connect to exte-
rior crossings;

2) For a v∈V , find all adjacent exterior crossings Ev,
and delete v from V ;

3) Find the smallest circular sector that contains all
the crossings in Ev, denote it as aob; let oa and
ob intersect a circle centered at o with radius 1/2
at a′ and b′, place v at the midpoint of a′b′ within
aob;

4) If V is not empty, go to step 2;

v
v

a b

a
b

c

c

d

o
o

Fig. 4: Finding placement for v based on the exterior
crossings it connects to.

Sketch of proof: As in the proof of Lemma 7,
separate the polygon into two pieces. Show that either
the endpoints of the interior c-paths belongs to one piece,
or the c-paths are inconsistent with the Gauss code.
(The ε perturbation allows a case where placing v on
the smaller circle separates v from its adjacent exterior
crossings to be avoided.)

An example of connecting all crossings in V to
exterior crossings for the double coin knot is shown in
Figure 5.
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Fig. 5: Connect crossings in V with the exterior cross-
ings based on the Gauss code.
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Fig. 6: Connect crossings in V to other crossings in V
for double coin knot.

We now connect the crossings within V . We will show
that these c-paths does not create intersections.

Let us consider vi ∈ V for i = {1,2,3,4} and the
case where v3 and v4 belong to different pieces inside
of P, w.r.t. a polygonal arc (a,v1,v2,b) connecting two
exterior crossings a and b and passing through v1 and
v2. Since v3 and v4 are both connected to exterior
crossings as well (otherwise they will not be in V ),
then consider a polygonal arc (c,v3,v4,d) connecting
exterior crossings c and d which passes through v3
and v4. These two exterior crossings c and d must
also belong to two different pieces w.r.t. (a,v1,v2,b)
because all v are placed adjacent to the exterior crossings
they are connected to. Then, the only way to avoid
intersection between (a,v1,v2,b) and (c,v3,v4,d) is that
one of the two polygonal arcs is outside P, and neither
is. Therefore, v3 and v4 must belong to the same piece
w.r.t. (a,v1,v2,b).

The final laid-out polygonal knot diagram for the dou-
ble coin knot is shown in Figure 6. No extra intersections
are introduced, and 15 line segments are used.

If there are still crossings not placed, recursively find
crossings Vi that direct connect to crossings in Vi−1
where V0 =V , and place them on the circle with radius
1/2n+1, perturbing slightly if needed. Analogously to the
previous argument, these connections will not intersect
with each other.

Lemma 9: For an arbitrary knot unit with Gauss code
G, where |G|= 2k < ∞, there always exist a polygonal
knot diagram of the knot with no more than 3k−2 line
segments.

Proof: Place all the crossings using Procedures 2
to 3, connecting all of them with line segments. Each of
the k crossings is visited twice, so 2k−1 line segments
are used.

However, two crossings a and b may be adjacent
twice in the Gauss code, so that the two line segments
connecting them overlap. For example, an overhand knot
with Gauss code G = {1+,2−,3+,1−,2+,3−}, crossings
1 and 2 appear adjacent to each other twice in G.

For the second time the two crossings a and b are
adjacent in the Gauss code, use two line segments
instead of one to connect them. Denote the midpoint
of ab as ma,b. For the second time a connects to b, if it
is an exterior c-path, place p at (1+ε) ~oma,b, otherwise,
place p at (1− ε) ~oma,b, where ε > 0.

With k crossings overlapping may occur at most k−1
times. Therefore, at most 2k− 1+ k− 1 = 3k− 2 line
segments are necessary to draw any planar polygonal
knot diagram.

Combining Lemma 4 and Lemma 9, we have,
Theorem 10: For an arbitrary knot with Gauss code

G where |G|= 2k, to draw a polygonal knot diagram of
this knot, at least

⌈
3+
√

8k+1
2

⌉
and no more than 3k− 2

sequential line segments are required.
Then, for the polygonal knot itself, we have:
Theorem 11: For arbitrary polygonal knot with k

crossings, at least
⌈

3+
√

8k+1
2

⌉
and no more than 3k−2

sequential line segments are required to represent the
polygonal knot.

Proof: In order to project to n line segments on
the plane, at least n line segments are needed in 3D.
In the polygonal knot diagram constructed in the proof
of Lemma 9, all the crossing are the vertices of the
projected planar graph. This, combined with fact that
the knot diagram is a regular projection, implies that the
same number of projected line segments is sufficient to
represent the 3D polygonal knot.

Place a crossing with coordinates (xi,yi) in the knot
diagram at (xi,yi,1) if it is an over crossing, and at
(xi,yi,−1) if it is an under crossing. If a vertex on the
polygonal knot diagram has degree 2, place it at (xi,yi,
0). Since the projected line segments do not intersect,
the original 3D line segments also do not intersect.
Therefore, no more than 3k−2 line segments are needed
to describe an arbitrary polygonal knot with k crossings.

Since each polygonal arc with n links has n+1 end
points, we have the following corollary.

Corollary 1: At least
⌈

3+
√

8k+1
2

⌉
+ 1 and no more

than 3k−1 grasp points are needed to grasp an arbitrary
knot with k crossings in a polygonal knot configuration.

V. FOLDING KNOTS

Now we investigate the problem of folding a polyg-
onal arc from a straight line configuration to a knotted
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configuration. Any lower bound for the number of line
segments needed to represent the knot is also a necessary
number of line segments needed to fold the knot. What
is a sufficient number of line segments to fold the knot?

In this section, we say a polygonal knot Kp is ap-
proximated by a polygonal arc P if the projection of P
on the x-y plane is a polygonal knot diagram of Kp. A
link l on Kp is approximated by a link l′ on P if the
projection of l′ overlaps with the projection of l on the
x-y plane.

Theorem 12: An arbitrary knot with Gauss code G
where |G|= 2k can always be folded from a polygonal
arc of no more than 9k−6 links, starting from a straight
configuration.

Proof: Let us use a polygonal arc P to approximate
the configuration of a polygonal knot Kp constructed in
Theorem 11. Let the two endpoints on the Kp be v0 and
vn.

We will approximate as follows. For two vertices vi
and v j on Kp, if i < j, then let vi appear earlier than v j
when traversing along the Kp from endpoint v0. Once
the links up to l j (p j−1 p j) on P have approximated the
links up to vivi+1 on Kp, then all vertices before p j on P
are fixed. When approximating a link vivi+1 using links
from vertex pa to pb on P (a< b), it is possible to ensure
that pa and vi, pb and vi+1 have same coordinates; we
will do so. Initially, for the ith link (li) on P between
vertex pi−1 and pi for which 1 ≤ i ≤ n, let the length
of the link d(pi−1, pi) (d(li)) equal the distance between
vi−1 and vi, the i−1th and ith vertex on Kp, d(vi−1,vi).

Now fold, starting with the first link of the polygonal
knot, v0v1. Without loss of generality, let v1 be an over-
crossing. We use the link p0 p1 on P to approximate
the first link of the knot, while keeping all the links
from p1 to pm (m≥ n) above the plane z = z(v1). Then
approximate v1v2 using link p1 p2, by rotating all the
links following p1 p2 around p1 until p2 has the same
coordinates as v2 and all other vertices are below plane
z = z(v2). Then, repeat this process if such a rotation
around pi does not collide with the fixed links (we will
consider the collision case next). After approximating
an over-crossing (under-crossing) vi using links before
vertex p j on P, all vertices after p j will be above (under)
the plane z = z(vi).

When approximating a vertex vi (where all vertices
before p j are used to approximate vertices up to vi−1,
without loss of generality, let vi be an under-crossing and
vi−1 be an over-crossing), since all the previous links are
fixed in space, it is possible that their projection forms
a loop on x-y plane such that the previous attempted
rotation around p j will collide with the fixed links. Let
v′i−1 and v′i denote the projected points on x-y plane, and

Fig. 7: Folding links given arbitrary small clearance.

the crossing over vi (denote as vo
i ) has been placed, we

have d(p j, p j+1)≥ d(v′i−1,v
′
i).

In this situation, insert two additional links l1
j+1 and

l2
j+1 before link l j+2 and after link l j+1, pointing from p j

to p j+1 (recall that links l1 to li are fixed, and we need
to move li+1 and all links after it to let p j+1 occupy the
same location as vi), and change the length of li+1. Let
d(l1

j+1) = d(l j+1) ≥ max(la
b) where b ≥ j + 2 and a =

{0,1,2} (l0
i = li), and let l2

j+1 =
√

d(vi,vo
i )

2 + ε2. For
arbitrary small d(v′i−1,v

′
i), every link la

b and its previous
link can rotate around one of the two endpoints with the
smaller index such that all vertices after pa (including
pa) can move continuously along a line Lvi−1 that is
perpendicular to x-y plane and pass through vi−1, either
up or down depending on whether vi is an over-crossing
or an under-crossing respectively. During the folding,
since all vertices are moving along Lvi−1 , no link will
collide with the fixed links.

An example of the folding is shown in Figure 7, as
long as we maintain the length l(AB) ≥ l(BC). If the
link before pm−1 does not satisfy the situation, we let
AB be the set of links that is first longer than BC. Since
we have set d(l1

j+1) = d(l j+1) ≥ max(la
b), the situation

will always be satisfied near p j.
After the folding sequence moves link l1

j+1 (p j+1 p1
j+1)

to be perpendicular to the x-y plane where p j+1 is
directly above p1

j+1, move p1
j+1 on the plane z = z(vi−1)

along ~v′i−1v′i and stop when d(p1
j+1,v

o
i ) = ε > 0. Then

move link l2
j+1 to let p2

j+1 occupy the location of vi.
Repeat this process to approximate Kp using P.

Since there are at most 3k−2 links on original layout,
we may at most need to add two links every time we
approximate a new link. Therefore, we need at most
9k−6 links.

Although the preceding theorem gives a sufficient
number of links, analysis of particular knots may allow
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tighter bounds. For example, to fold the configuration
calculated using the algorithms from Section ??, 7 links
are sufficient to fold an overhand knot (Theorem 11
requires 7 line segments), and 18 links are sufficient for
the double coin knot (Theorem 11 15 line segments).

Theorem 13: At least 5 links are necessary to fold an
overhand polygonal knot.

Sketch of proof: Four links are necessary to create 3
crossings. However, consider the plane P formed by the
first three endpoints of the links v1, v2 and v3. To form
an overhand knot, the projection of v4 must be outside
the triangle formed by v1, v2 and v3. Without loss of
generality, let v4 be above P. Then, to form an overhand
knot, the last link must penetrates P, with the last vertex
vn above P and projects outside triangle formed by v1,
v2 and v3 (can be verified using the Gauss code). Then,
v4 (above P) must connects to vn−1 which is below P.
Therefore, n−1 = 5, and 5 links are necessary to form
an overhand knot.

Theorem 14: There exist 5-link polygonal arcs that
cannot fold into any overhand polygonal knot.

Sketch of proof: Consider a 5-link polygonal arc with
lengths (100,1,1,1,100). Folding the overhand knot
involves an operation to insert one of the links on the
end through a triangle formed by other links, which in
this case has a limited size. Two of the edges have length
1, and the other edge is shorter than 2. What is more,
one of the endpoints for the outer link has to be no
further than 1 unit away from the triangle. Therefore,
such motion cannot be achieved.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we showed theoretical bounds on the
number of fingers needed to grasp and fold string into
knots, while ensuring that the string is held tautly in
a polygonal arc. The proofs are constructive and give
explicit finger placements and folding motions.

In the future, we expect to further study more efficient
motions of the fingers, possibly in parallel, to fold knots.
We hope to learn systematically how to quickly tie knots,
and build knot-tying devices based on these principles.

This work is supported by NSF grant IIS-1217447.
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